The external argument theory of Douady and Hubbard allows us to know both the potential and the field-lines in the exterior of the Mandelbrot set. Nonetheless, there are no explicit formulae to operate with external arguments, and the external argument theory is difficult to apply. In this paper we introduce some tools in order to obtain formulae to operate with external arguments in the Mandelbrot set antenna. Thus, we introduce the harmonic tool to calculate both the external arguments of the period doubling cascade hyperbolic components and the external arguments of the last appearance hyperbolic components. Likewise, we introduce composition rules applied to external arguments that, with the aid of the concept of heredity, allows the calculation of all the external arguments that constitutes the family tree of a given external argument. 1
Introduction
As is known, Douady and Hubbard studied the Mandelbrot set M [1, 2] , a bounded set of complex numbers, by computing both the potential created by the set and the external arguments of the points on its boundary [3, 4, 5] . Douady himself divulged the external argument theory as follows [6] . Imagine a capacitor made of an aluminum bar shaped in such a way that its crosssection is M, placed along the axis of a hollow metallic cylinder. Set the bar at potential 0 and the cylinder at a high potential. This creates an electric field in the region between the cylinder and the bar. An electric potential function is also established in this region. Assume that the radius of the cylinder is large (with respect to the chosen unit), that its height is large compared to its radius and that the length of the bar is equal to this height. We restrict our attention to the plane perpendicular to the axis of the cylinder, through its middle. In this plane, the electric potential defines equipotential lines enclosing the set M (which is the cross section of the bar). Following the electric field, one gets field-lines, called the external rays of M. Each external ray starts at a point x on the boundary of M, and reaches a point y of the great circle which is the cross section of the cylinder (practically at infinity). The position of y is identified by an angle, called the external argument of x with respect to the M set. If there are several accesses to x from outside of M (for instance, if M is tree-like and x is a branch point of M), then there is one external ray in each access and the point x has several external arguments.
In Fig. 1 , the M set is shown with some of its equipotential lines and external rays. The rational numbers in the figure correspond to the values of the external arguments of the points of M where the external rays land. The unity for external arguments is the whole turn, not the radian. An external ray starting at a point x on the boundary of M is identified by the external argument of x, and all the points of this external ray have the same external argument. As is well known, the Mandelbrot set is defined as the set of points c of the complex plain for which the sequence c, c . . does not tend to ∞ [7] . This sequence is originated by the iteration of the complex quadratic polynomial P c (z) = z + c, . . . [8] . The base of the logarithm does not matter. In fact, Eq. (1) ignores the factor of proportionality that depends on the potential of the hollow metal cylinder. We use logarithms to the base 2, according to other authors [9] . Eq. (1) gives potential zero at points of the boundary of the Mandelbrot set. For a large c, Eq. (1) reduces to U (c) = log |c|. The locus of points in the complex plane having all of them a same potential is a simple closed curve surrounding the Mandelbrot set. This curve is an equipotential line that consists of values of c for which 0 escapes to ∞ at a fixed rate [7] .
As is known, the external argument θ (c) of the external ray that pass through a point c, for large |c| is given by the argument of the function Φ (c) [10] Φ (c) = c 
where arg (c) denotes the principal value of the argument of a complex number, which takes values between −π and π . In this paper we draw external rays using an algorithm from Jung [11, 12] . The locus of points in the complex plane that have all a same external argument is an external ray. Douady and Hubbard found an algorithm to compute the two external arguments of a point c on the Mandelbrot set antenna [5] , as we explain next. We take a point c * next to c, over the antenna, obtaining the sequence of arguments {arg(c * ), arg(c * 2
Next we replace each argument by "0" (if it is greater than 0 and less than π ) or "1" (if it is greater than π and less than 2π). In this way we obtain the binary expansion of one of the external arguments of c, that is easy to convert at a rational number. The another external argument of c is obtained in the same manner, taking a new point c * next to c, under the antenna. Thus, the external arguments of the Misiurewicz point c = −1.543689012 . . . are 5/12 and 7/12, which we write as the pair directly, in an experimental context, from computer calculations. For example we wrote Eq. (4) after finding experimentally the external arguments of the harmonics of many hyperbolic components. The numerators of the external arguments of the harmonics were determined by a system of trial and error, drawing several rays with a computer program by Jung [12] and choosing what corresponded to the harmonics. Later, we have justified these equations. With these formulae we can better understand the "raison d'être", the physical meaning, of a given pair of external arguments corresponding to a point on the Mandelbrot set antenna. For example, as we will see later, the external arguments of the above Misiurewicz point can be obtained, without knowing its parameter value c, starting from the well known external arguments of both the root point of period-3 midget 3 7 , 4 7 and the root point of period-2
. We will obtain the external arguments of this Misiurewicz point as the rightward composition of the external arguments of the only period-3 antenna midget with the external arguments of the period-2 disk an infinite number of times. What we call "midget" is called "mini Mandelbrot set" [7] , "tuned copy" [13] or "baby Mandelbrot set" [14] by other authors.
Each one of the Mandelbrot set disks has a root point which connects with a bigger disk or with a cardioid. Each one of the Mandelbrot set cardioids, except for the main cardioid, has a cusp point from which a filament that connects it with the set emerges. Both root points and cusp points are notable points of the boundary of the Mandelbrot set, in the same way as Misiurewicz points which usually are either ramification nodes or tips of the filaments. Other notable points, as the Myrberg-Feigenbaum point, are not studied here.
External arguments are not measured in radians, but as fractions of complete turns. Using this unit, most of the notable points of the Mandelbrot set boundary have rational external arguments. Figure 2 shows the neighborhood of the Mandelbrot set antenna with four examples of notable points and their external rays. The first one on the right is a root point (where the main cardioid and the first disk of the period-doubling cascade join together) which has two rational external arguments with odd denominator 1 3 , 2 3 . Even though external arguments come from the root point, we also use this pair of external arguments in order to denominate the whole disk that is born at this root point. The second one is the Myrberg-Feigenbaum point, with two irrational external arguments θ MF and 1 − θ MF that we shall not study here (as with irrational external arguments it is not clear if the external ray is landing at a well-defined boundary point of the Mandelbrot set). The third one is a Misiurewicz point which as two rational external arguments with even denominator, denominate the whole cardioid that is born at this cusp point. As is known, a rational angle θ with odd denominator is periodic under the doubling function given by D(θ) = 2θ mod 1. For example, by doubling 1/5 we obtain 1/5, 2/5, 4/5, 3/5, 1/5, . . . which is periodic. Likewise, a rational angle with even denominator is preperiodic under the doubling function. For example, by doubling 1/6 we obtain 1/6, 2/6, 4/6, 2/6, . . . which is preperiodic. As is known, in the Mandelbrot set we have periodic and preperiodic points. Root and cusp points are periodic, but Misiurewicz points are preperiodic. Periodic points have periodic external arguments (rational ones with odd denominator), and preperiodic points have preperiodic external arguments (rational ones with even denominator).
The Mandelbrot set is without any doubt the most beautiful example of fractal structure generated by nonlinear dynamical systems. Nonlinear dynamical systems have been broadly treated in all disciplines, especially in physics because of their wide range of applications in a large number of nonlinear problems. Thus, the first physically motivated study of chaotic dynamics was presented in 1963 by Lorenz [15] , and in 1971 Ruelle and Takens suggested that turbulent flow might be an example of dynamical chaos [16] . In following years dynamical systems were applied to almost any branch of the physics from pattern formation in natural systems [17] to fluid mechanics [18] . Nowadays, the interest on this topic continues as we can see for example in [19] . Therefore, we reckon that studying nonlinear dynamical systems in the widest possible manner should positively contribute to enrich physical research.
We have studied one-dimensional (1D) quadratic maps by means of the hyperbolic components [7] , Misiurewicz points [20] and other notable points of the Mandelbrot set which intersect with the real axis [21, 22, 23, 24, 25, 26, 27] . Figure 2 shows the neighborhood of this Mandelbrot set subset, that we call "antenna". This subset has an enormous interest since it is the portrait of the 1D quadratic map x n+1 = x 2 n + c, and can be used to study this map. In previous papers we have studied hyperbolic components and Misiurewicz points of the Mandelbrot set antenna by using their symbolic sequences [28, 29] (or keading sequences according to other authors [30] ). In this paper we shall study the Mandelbrot set antenna by using the external arguments of Douady and Hubbard instead of the symbolic sequences we used to use.
In a previous paper, we based on the Metropolis, Stein and Stein (MSS) harmonics [31] to introduce other harmonics what we called there Fourier harmonics [21] though later we have called them F-harmonics or simply harmonics. By using this harmonic tool we could calculate the symbolic sequences of all the structural components (and the Misiurewicz points that separates them) of the 1D quadratic maps; i. e., we could determine the structure of such maps [23] .
In the first part of this paper we shall apply the harmonic tool for the case of external arguments, in such a manner that we can calculate the external arguments of the structural hyperbolic components and the Misiurewicz points that separate them. I. e., we want to calculate the structure of the Mandelbrot set antenna, but now given in external arguments.
Likewise, in other previous paper [24] we introduced the concept of heredity in 1D quadratic maps. The heredity concept is not consequence of a theorem but a conclusion reached on the basis of a lot of computer experiments. As we showed there, given a hyperbolic component we can calculate the ancestral path that joins all its ancestors, and from these ancestors we can calculate all the descendants of the hyperbolic component, i.e. the family tree. In order to do so, we need to use the composition rules of the symbolic sequences that were introduced by us [23] . In this paper we also introduce new composition rules, now applied to external arguments. With these composition rules for external arguments we will be able, by using the heredity concept, of calculating all the external arguments that constitutes the family tree of a given external argument.
To begin with, let us see how to operate with external arguments of the Mandelbrot set antenna in a similar way as we did with symbolic sequences in our previous papers. In such a way we can calculate the external arguments of the hyperbolic components and Misiurewicz points of the antenna.
MSS-harmonics of a hyperbolic component
Let us consider a period-p hyperbolic component of the Mandelbrot set antenna. If it is a disk, it is connected to the antenna through its tangent point (root point); and, if it is a cardioid, through its cusp. When we start from a period-p hyperbolic component, and we progress through its period doubling cascade, as is well known we find disks whose periods are 2
In 1973 MSS introduced the concept of harmonic in 1D unimodal maps [31] . By extension, we call "MSS-harmonics" of a hyperbolic component of the Mandelbrot set antenna to the set constituted by itself and the disks of its period doubling cascade. The MSS-harmonics were an important achievement because, starting from the symbolic sequence (or pattern) of a period-p hyperbolic component we can calculate the pattern of all the disks of its period doubling cascade. Thus, the i th MSS-harmonic is the i th disk of its period doubling cascade, which has a period 2 i p , and therefore a pattern that is 2 i times long the original. As we said before, we have applied these concepts to the case of external arguments.
be the normalized external arguments of a period-p hyperbolic component. As is known, it is often useful to consider the sequence of binary digits .ā of a periodic external argument
. Here the number a is interpreted as a sequence of p binary digits. For example in 6/15, with p = 4, it is understood that 6 = 0110 and we write 6/15 = .0110. Let (.a 1 , .a 2 ) be the binary expansions of the external arguments of a hyperbolic component of the Mandelbrot set antenna. By taking into account that the binary expansions of the period-2 disk are .01, .10 , it is easy to obtain the binary expansions of the external arguments of a MSS-harmonic of (.a 1 , .a 2 ) from the tuning algorithm by Douady and Hubbard [5, 32] . We have
· · · , and the pair of normalized external arguments of the order i MSS-harmonic of
where a 1(0) = a 1 and a 2(0) = a 2 . Equations (3) and (4) also make sense in the complex case, outside the Mandelbrot set antenna.
Example
The external arguments of the Mandelbrot set main cardioid are are the external arguments of the first four disks of the period doubling cascade of such a main cardioid: .
In Fig. 3 (a) we have separately depicted each one of the external arguments of the first four disks of the period doubling cascade of the main cardioid.
are the external arguments of the Myrberg-Feigenbaum point [3, 33, 34] . This notable point has not rational external arguments. As is known, the series 1/3 =0. 
The external arguments of the only period-3 cardioid of the antenna, located at c = −1.754877666..., are 3 7 , 4 7 . The first four MSS-harmonics of his cardioid are the first four disks of the period doubling cascade of such a period-3 cardioid: .
In Fig. 3(b) we have separately depicted each one of the two external arguments of the first three disks of the period doubling cascade of the period- 
is the limit of the former external arguments, with irrational external arguments that corresponds to the equivalent Myrberg-Feigenbaum point.
As we have seen in the two former examples, a pair of external arguments writen in the normalized form can be simplified by dividing the numerator and denominator of each one of them by 2
, where
is the normalized form and
is the irreducible form. We have the following property:
. and vice versa, as can clearly be seen in the two former examples.
Fourier harmonics of a hyperbolic component
As we have already pointed out before in [26] , we have introduced the Fourier harmonics, or F-harmonics, applied to the pattern of a hyperbolic component of a 1D quadratic map. These F-harmonics have a different meaning that the MSS-harmonics. Indeed, as we saw before, the order i MSS-harmonic corresponds to the i th disk of the period doubling cascade which has a period 2 i p, and therefore a pattern with a length 2 i times the original. However, the Fourier harmonics, except for the first harmonic, are all of them last appearance cardioids in the corresponding chaotic band [23] , and the order i F-harmonic has a period (i + 1)p, and therefore has a pattern with a length i + 1 times the original. As we did in the case of the MSS-harmonics, we shall introduce now the F-harmonics of the external arguments of an antenna hyperbolic component. Again we shall see that these harmonics, except for the first one, correspond to the external arguments of the last appearance cardioids of the corresponding chaotic bands. 1 a 2 a 2 , .a 2 a 1 a 1 
and the pair of normalized external arguments of the order i F-harmonic are given by
Note that the external arguments of both the first F-harmonic and the first MSS-harmonic of a hyperbolic component are the same. Equations (5) and (6) also make sense in the complex case, outside the Mandelbrot set antenna.
Example
The external arguments of the Mandelbrot set main cardioid are are external arguments of last appearance cardioids, except for the first one which is the first disk of its period doubling cascade. These values are:
, 16 31 , · · · .
As we can see in Fig. 4(a) , the first F-harmonic corresponds to the first disk of the period doubling cascade while the following three F-harmonics correspond to the period 3, 4 and 5 last appearance cardioids.
, a 2 > a 1 , be the normalized external arguments of a period-p hyperbolic componente. By definition, these external arguments have the normalized increment
. Each one of the main cardioid F-harmonics is, among all the hyperbolic components with the same period, that which has the smaller normalized increment of the argument. Thus, on the Mandelbrot set antenna there are three period-5 hyperbolic components whose normalized external arguments are 13 ; however, only the last one, with the smaller normalized increment of the argument, is a F-harmonic. This pair of external arguments correspond indeed to the fourth main cardioid F-harmonic. The four first F-harmonics of the only period-3 antenna cardioid are the first disk of the period doubling cascade (with period 6) and the three last appearance cardioids (with periods 9, 12 and 15) of such a period-3 cardioid: , · · · .
As we can see In Fig. 4(b) , the first F-harmonic corresponds to the first disk of the period doubling cascade while the following two F-harmonics correspond to period-9 and period-12 last appearance cardioids.
Limit of the Fourier harmonics
When we studied F-harmonics by means of the symbolic sequences [26] , we saw that the order ∞ F-harmonic of a cardioid is the tip of such a cardioid, while the order ∞ F-harmonic of a disk of the period doubling cascade is a merging point. We shall see next that for the case of external arguments the same happens. The external argument of the order ∞ F-harmonic of a hyperbolic component whose external arguments are
, a 2 > a 1 , can be calculated as:
Equation (7) . By applying Eq. (7) we obtain:
, that indeed is the only value (double) of the tip located at c = −2, as we can see in Fig. 4(a) .
Example
Let us calculate the order ∞ F-harmonic of the only period-3 cardioid of the antenna. By applying Eq. (7) we obtain:
, 31 56 , that indeed are the external arguments of the tip of the cardioid 3 7 , 4 7 , located at c = −1.790327491... , as we can see in Fig. 4(b) . In these two examples we have seen that the order ∞ F-harmonic of a cardioid is the tip of such a cardioid. In the following section we shall see several examples to show that the order ∞ F-harmonic of a disk of the period doubling cascade is a merging point.
External arguments of the harmonic structure of the antenna
In order to calculate symbolic sequences in 1D quadratic maps F-harmonics are a very powerful tool since starting from the main cardioid, of simbolic sequence C, we can generate the successive chaotic bands and calculate the pattern of any of their structural components (last appearance hyperbolic components) [23] .
As we can see in [23] , the first F-harmonic of the main cardioid is the period-2 disk of the period-doubling cascade. All the other F-harmonics of the main cardioid are cardioids placed in the period-2 0 chaotic band B 0 and are the last appearance cardioids of this chaotic band. If we consider the period-2 0 main cardioid as a "gene" G 0 , then the F-harmonics of G 0 generate the structure of the chaotic band B 0 . The limit of the band B 0 is the Misiurewicz point m 0 , that is the antenna tip located at c = −2.
We are in the same scenario in the case of external arguments. Indeed, if we start from the external arguments 
, 8 15 , . . . . As we show in Fig. 5 ,
F (G 0 ) corresponds to the first disk of the period-doubling cascade. All the other /F-harmonics H (2)
. . , are cardioids placed in the chaotic band B 0 and are the last appearance cardioids of this band. The limit of the band B 0 , calculated according to Eq. (7), is H
that indeed corresponds to the Misiurewicz point m 0 that is the antenna tip located at c = −2. At the tip both external arguments coincide in only one, but double, in such a way that The first F-harmonic of G 0 is not a cardioid but a period-2 1 disk placed in the Feigenbaum region, that we shall call "bridge pattern". Let us remember what happens when this disk is used as a new gene in [23] . We can consider this "bridge pattern" as a new gene G 1 . Then, we have that the F-harmonics of the gene G 1 generate the structure of the period-2 1 chaotic band B 1 (and a new bridge pattern that will be the second disk of the period-doubling cascade, the gene G 2 ). The limit of the band B 1 is the Misiurewicz point m 1 , located at c = −1.543689012 . . . , that separates the chaotic bands B 0 and B 1 .
For external arguments, if we start from the external argument of the gene
and we calculate the successive F-harmonics according to Eq. , 7 12 located at c = −1.543689012 . . . that separates the period-1 chaotic bands B 0 and B 1 (see Fig. 6 ).
If we consider the new "bridge pattern", which is the second disk of the period-doubling cascade, as a gene G 2 = (see Fig. 5 ), we have that the F-harmonics of G 2 generate the external arguments of the structure of the period-2 2 chaotic band B 2 (and another bridge pattern that will be the third disk of the period-doubling cascade, the G 3 = , that separates the chaotic bands B 1 and B 2 (see Fig. 6 ). Let us see that in Fig. 5 we always depict the irreducible form of the arguments, although we have to use the normalized form to operate with Eq. (6).
Note that there is a doubling operation mapping the chaotic band B 0 onto the chaotic band B 1 . Here the binary expansion of an external angle is modified in such a way that every 0 is replaced by 01 and every 1 is replaced by 10, according to G 1 = , 7 12 = .0110, .1001 . In the same way there is a doubling operation mapping the chaotic band B 0 onto B 2 . Here the binary expansion of an external angle is modified in such a way that every 0 is replaced by 0110 and every 1 is replaced by 1001, according to G 2 = Generalizing, by applying Eq. (6), the F-harmonics of the disk n of the perioddoubling cascade, the gene G n , generates the external arguments of the last appearance cardioids of the period-2 n chaotic band B n , and a bridge disk of the period-doubling cascade, the gene
is a Misiurewicz point m n , a primary separator (or band-merging point) of the chaotic bands B n−1 and B n . The external arguments of m n can be calculated using Eq. (7). This double process (disks and chaotic bands generation) continues indefinitely, and both meet at the Myrberg-Feigenbaum point, periodic disks on the right and chaotic bands on the left. Thanks to this procedure the whole harmonic structure of a 1D quadratic map was rigorously calculated in [23] by using symbolic sequences and now by using external arguments. In the same way as we have calculated the external arguments of the harmonic structure of the main cardioid, we can calculate the external arguments of the harmonic structure of anyone of the antenna midgets.
Composition of external arguments
By using the tools we have introduced up to now, we can calculate the external arguments of the structural components and the Misiurewicz points being tips or being merging points. That is what we denominate the structure of the Mandelbrot set antenna, that constitutes its framework or skeleton. But for each one of these structural components and Misiurewicz points there are an infinity more that have not been treated so far. In [23] we introduced other composition rules of simbolic sequences, and in [24] we introduced the heredity concept that make possible to calculate the descendants of any hyperbolic component if we know all the ancestors of such a hyperbolic component. Let us see that the above considerations can be applied to the calculation of external arguments in the Mandelbrot set antenna.
First of all, let us consider a midget of the Mandelbrot set antenna. Let c be the parameter value of the midget center, and let (θ 1 , θ 2 ) be the pair of external arguments of the midget cusp point. The symbolic sequence (obtained from the orbit of c) and the kneading sequence [35, 36] is ABAABABAAAA * 2 , the same if we do L = A, R = B , C = * 2 and write the letter "C" of the symbolic sequence at the end.
As is also known, there is an easy algorithm turning symbolic sequences (kneading sequences) into binary expansions and vice versa. There are two external arguments for each hyperbolic component. Since in the Mandelbrot set antenna the addition of these two external arguments equals to 1, if we know the binary expansion of one of them we can obtain the binary expansion of the other by simply interchanging all the "0" and "1". For our convenience, we always use the binary expansion whose first digit is a "0". Let us see first the conversion from a symbolic sequence to a binary expansion. The first digit of the binary expansion, the corresponding to the "C", is "0" and the following binary digits will be "1" or "0" if the L-parity of the part of the symbolic sequence until the digit (included) is odd or even respectively. Let us see now the conversion from a binary expansion, whose first digit is a "0", to a symbolic sequence. The first letter of the symbolic sequence is "C", and the following letters will be"L" or"R" in such a way that the L-parity of the part of the symbolic sequence until the letter (included) is odd when the binary digit is"1" or is even when the binary digit is "0".
Taking into account the preceding paragraphs it is easy to see that the composition of two symbolic sequences (toward the left or toward the right) in [23] can be applied to the calculation of external arguments in the Mandelbrot set antenna. Let (.a 1 , .a 2 ) be the binary expansions of the external arguments of the augend, and let .a 1 , .a 2 be the binary expansions of the external arguments of the addend. The composition toward the left, (.a 1 , .a 2 ) ← − + .a 1 , .a 2 , and the composition toward the right, (.a 1 , .a 2 ) − → + .a 1 , .a 2 , can be formulated as follows:
Equations (8) can be also written in the normalized external arguments form as follows:
The composition of two legal external arguments (see Section 9) is not always possible. We use this composition to calculate the external arguments of the descendants of the augend (see section 9). We wonder if this composition is possible in any case. We do not know a necessary and sufficient condition that responds to this question. However, a sufficient condition is that the addend is a heredity transmitter of the augend [24] , or a composition of the heredity transmitters of the augend.
Example
Let the augend be the pair of normalized external arguments 13 31 , 18 31 that correspond to the period-5 hyperbolic component α 3 of the Fig. 7 , and let the addend be the period-2 disk of the period doubling cascade whose external arguments are 1 3 , 2 3 . We have 13 31 , 18 31 ← − + that correspond to the normalized external arguments of the period-7 hyperbolic component 7a on the left of α 3 . Likewise, we have 13 31 , 18 31 − → + 
External arguments of a Misiurewicz point
be the normalized external arguments of a hyperbolic component and let
be the normalized external arguments of a heredity transmitter ancestor [24] . The external arguments of the leftward composition of these pairs of external arguments can be calculated according to Eq. (9) . Likewise by applying Eq. (9), the external arguments of the leftward composition of the former result with the same heredity transmitter ancestor can also be calculated. If we repeat the process, in the limit, these infinite leftward , which in Fig. 7 is the Misiurewicz point M 6,1 [26] .
Autocomposition
Let us consider the case of the leftward autocomposition of the external arguments of a period-p hyperbolic component. In such a manner we obtain the external arguments of the first F-harmonic of the hyperbolic component. Indeed:
but also
If we apply this autocomposition again and again we obtain the successive F-harmonics. I.e., the order i F-harmonic of a pair of normalized external arguments is also the order i autocomposition of the same pair.
Let us consider now the case of the rightward autocomposition of the external arguments of a period-p hyperbolic component. As we can see, with this autocomposition we obtain first a period-2p hyperbolic component, the first antiharmonic of the period-p hyperbolic component, but, after an elemental simplification, we obtain again the period-p hyperbolic component. Indeed
Antiharmonics have already been introduced by Metropolis Stein and Stein in 1973 [31] . Normally, it is thought that antiharmonics have no real existence. However, we reckon that this idea must be revised because, although we have the same value when we simplify, if we do not simplify we have a body, the first antiharmonic, with a period which is double than the original one. Therefore, even though placed on the same location, it is different. Besides, it is important to study the antiharmonics because, as we saw in [24] , they can be heredity transmitters.
Example
Let us calculate the first harmonic and the first antiharmonic, see Fig. 7 , of the period-5 hyperbolic component whose external arguments are 13 31 , 18 31 . In order to do so, we apply Eqs. (12) and (13) , the harmonic 10H in Fig. 7 , 18 31 , the antiharmonic 10A in Fig. 7(b) , given in both normalized and irreducible forms. As expected, its normalized form does not correspond to any period-10 existing antenna hyperbolic component. However, its irreducible form coincides with the normalized form of the period-5 original hyperbolic component.
Ancestral decomposition of external arguments
As we have seen in [24] , the pattern of a hyperbolic component of a 1D quadratic map can be expressed as the addition of the gene of the chaotic band where the pattern is, and the heredity transmitters related to the ancestral path that joins all its ancestors. We can see that if we manage external arguments of the Mandelbrot set antenna hyperbolic components, the same happens. We can study the Mandelbrot set antenna as an extension of the quadratic map x n+1 = x 2 n + c and this we have called real Mandelbrot map. As we saw in [23, 24] , starting from the symbolic sequence C of the superstable period-1 orbit of the real Mandelbrot map and applying the composition rules and the heredity concept, it is possible to obtain all and each of the symbolic sequences of the superstable orbits. This result is based on a lot of computer experiments. The inverse process is also possible. Given a symbolic sequence, and without any need for other data, we can calculate the family tree of such a symbolic sequence. To this end, we carry out the ancestral decomposition of the symbolic sequence, obtaining its ancestors and heredity transmitters.
We extend these experimental results to the Mandelbrot set antenna in the sense that the pair of legal external arguments of a hyperbolic component can always be decomposed in additions (toward the left or toward the right) of external arguments of structural components of the chaotic band where the hyperbolic component is placed. Next, by analyzing this decomposition, we can easily see the ancestral path and the heredity transmitters of the legal external arguments. We shall use as legality test the following conditions: the decomposition has to be possible, and the decomposition has to correspond to a valid ancestral path. When these conditions are verified, the external arguments are legal ones. If, on the contrary, the decomposition is not possible, or if the decomposition being possible it does not correspond to a valid ancestral path, then the external arguments are non-legal ones. Let us think in the inverse process: let us suppose that we know the external arguments of the i structural components obtained from the decomposition of a pair of legal external arguments. Obviously, if we now compose them (by using the additions in the proper direction obtained from the decomposition) we obtain again the pair of legal external arguments of the beginning in the form
where
Let us see again the decomposition of a pair of external arguments. This decomposition has to verify Eq. (14) . If what we know is the result, we have to test all the possible cases, discard all that do not lead to the solution, and take the only one that lead us to the correct result, i.e., we test all the possible p = p 1 + p 2 + · · · + p i . For each one of these decompositions we calculate the possible values of the Eq. (14) with all the additions towards the left and towards the right. This is very long and tedious if we do it manually, but it is elementary if we make it by using a computer program.
Once this decomposition is obtained, by taking into account the heredity rules that we saw in [24] , it is easy to find the ancestral path that joins all the ancestors and determine the heredity transmitters. Now, if we compose the legal external arguments with their heredity transmitters we obtain all the "children" or first generation descendants. By applying the same procedure to each one of its children we obtain all the grandchildren. If we continue uninterruptedly this procedure we obtain the family tree.
Example
Let us calculate, see Fig. 7 , the external arguments of the children of the period-12 hyperbolic component "12h" whose external arguments are , 18 31 , as can be seen in Fig. 7 .
If we analyze the decomposition of "12h", it seems that now we should compose rightwards this period-5 hyperbolic component and the period-3 structural component. However, as we know from [24] , even though the period-3 hyperbolic component α 2 is an ancestor of the period-5 hyperbolic component α 3 , α 2 is not a heredity transmitter, and therefore this composition is not valid. But we can compose rightwards this period-5 hyperbolic component and − → + 3 − → + 2 , i. e., we can compose rightwards this period-5 hyperbolic component and itself to give the antiharmonic. Hence we have: α 4 = , 18 31 , that is named 10A in Fig. 7 . Let us note that, since it is an antiharmonic, it has two normalized forms: the first one (period-10) really corresponds to the antiharmonic, and the second one (period-5) is the starting hyperbolic component.
As we can see in the decomposition of "12h", we end next with the composition → + 2, that is a valid one, and we obtain the starting period-12 hyperbolic component named "12h" in Fig. 7(b) . Now, we want to calculate the first generation descendants (children) of "12h". In order to do so, as we know from [24] , we have to compose, both rightwards and leftwards, "12h" and all the heredity transmitters. Hence, we have to determine the heredity transmitters. The ancestral path of "12h" is α 1 , α 2 , α 3 and α 4 , as we can see in Fig. 7(b) . The period-2 ancestor α 1 = is not a heredity transmitter.
The period-5 ancestor α 3 = 13 31 , 18 31 is neither a heredity transmitter, but its period-7 child "7b" with external arguments 13 31 , 18 31 − → + and F-harmonics. The order ∞ MSS-harmonic of the external arguments of a period-p hyperbolic component is a Myrberg-Feigenbaum point, whose external arguments are irrational, that we do not consider here. The order ∞ F-harmonic of the external arguments of a period-p hyperbolic component is a Misiurewicz point. The order ∞ F-harmonic of a cardioid is a tip, and the order ∞ F-harmonic of a disk is a merging-point.
We have introduced the leftward composition and the rightward composition of two external arguments. With these composition rules for external arguments, and by taking into account the concept of heredity, we can calculate all the external arguments that constitute the family tree of a pair of given external arguments.
